Scalar tetraquark states are studied within the diquark-antidiquark picture in a non-relativistic approach. We consider two types of confining potentials, a quadratic and a linear one, to which we also add spin-spin, isospin-isospin, and spin-isospin interactions. We calculate the masses of the scalar diquarks and of the ground-state open and hidden charmed and bottom scalar tetraquarks. Our results indicate that the scalar resonances D * 0 (2400) and Ds(2632) have a sizable tetraquark amount in their wave function, while, on the other hand, it turns out that the scalar states D * s0 (2317) and X(3915) should not be considered as being predominantly diquark-antidiquark bound states. We also investigate the masses of light scalar diquarks and tetraquarks, which are comparable to the measured masses of the light scalar mesons.
Introduction
One of the most important problems in modern hadron physics is to determine the structure and the properties of the newly discovered X, Y, Z states as well other enigmatic mesons, such as D * s0 (2317), D * 0 (2400), D * s1 (2460), etc., see e.g. Refs. [1, 2, 3, 4] and refs. therein. These states cannot be accommodated within the simple quark-antiquark picture and are therefore of special interest. One possibility is to interpret (some) of these enigmatic mesons as tetraquark states where the constituent objects are a diquark and an antidiquark. Namely, although a diquark cannot be a color singlet, the attraction between two quarks can be strong, as various approaches based on one-gluon exchange processes [5] , instantons [6] , lattice calculations [7] , and quark-diquark models for the nucleon [8] and for baryons in general [9] have shown. Thus, the diquark is an important object for the understanding of baryon structure and is also potentially important for the understanding of unconventional mesons, most notably tetraquarks. In particular, in this work we are interested in scalar diquarks: these are 'good diquarks' in Jaffe's terminology [10] , with vanishing spin and angular momentum and an antisymmetric flavor wave function of the type [q, q ′ ], where q, q ′ = u, d, s, c, b (a similar antisymmetric combination is realized in color space). The masses of heavy tetraquarks as diquark-antidiquark bound states were studied in the presence of spin-spin interactions in Ref. [11, 12] and later in the comprehensive study of Ref. [13] . The masses of tetraquarks were also calculated in a quark model employing a potential derived from the AdS/QCD correspondence [14] , by using a confining interaction and a meson-exchange potential in a non-relativistic approach [15] , by implementing the Glozman-Riska (flavor-spin) interaction Hamiltonian and SU (3) flavor symmetry breaking [16] , and in the framework of a non-relativistic potential model which includes a three-body quark interaction [17] . In this paper we continue along these lines and calculate masses of (hidden and open) charmed and bottom ground-state scalar tetraquarks using two potential models in the non-relativistic limit. As a four-body system, a tetraquark state is quite different from a conventionalmeson and we solve the problem in a two-step procedure: first, we use a quark-quark interaction Hamiltonian in order to obtain the mass of a constituent 'good diquark' of the type [q, q ′ ]. Second, we regard the diquarks as point-like objects and use a diquark-antidiquark interaction Hamiltonian in order to obtain the tetraquark masses. In both steps we solve the two-body Schrödinger equation by performing a Taylor expansion [18, 19, 20] or by using a variational method. We compare the values of the heavy tetraquark masses with the values obtained in previous works and discuss some possible experimental candidates. Finally, we focus on the light scalar mesons f 0 (500), K * 0 (800), f 0 (980), and a 0 (980). These states have been, and still are, in the center of a vivid debate concerning their nature: there is now a consensus that they are not predominantly quark-antiquark objects [21] , but that they emerge either as dynamically generated molecular-type states, see e.g. [22, 23, 24, 25, 26] and refs. therein, and/or as tetraquark states as proposed some decades ago by Jaffe [27, 28] and further investigated in Refs. [9, 11, 13, 14, 15, 16, 17, 29, 30, 31, 32, 33, 34, 35, 36] . (Note that the quark-antiquark states appear in the spectrum but are heavier, since they lie above 1 GeV [37, 38] ). We apply the very same twostep approach described above for a system made of two light diquarks. We evaluate the masses of light scalar diquarks and tetraquarks and investigate to what extent the light scalar resonances can be described as scalar tetraquark objects. The paper is organized as follows. In Sec. 2 we introduce the two potential models and present the methods to solve the Schrödinger equation in the presence of hyperfine interactions. Our predictions for diquarks and scalar tetraquark masses obtained in the two models are presented and discussed in Sec. 3. Finally, a summary and discussion are presented in Sec. 4.
The models

The Hamiltonian
The interaction Hamiltonian for the quark-quark interaction leading to the formation of diquarks is given by
where the potential V(x) consists of three parts:
The first term V conf (x) is a confining potential (see the next subsections), the second term −τ /x is a Coulomb-like potential due to one-gluon exchange processes, and C is a constant. The variable x is the relative quark-quark coordinate. The quantity Hhyp is the hyperfine interaction given by:
where H S (x), H I (x), and H SI (x) are spin-spin, isospin-isospin, and spin-isospin interactions, respectively. They read explicitly [39, 40, 41, 42, 43, 44] :
where s i and t i are the spin and isospin operators of the i-th quark, respectively, while A k and σ k with k = S, I, SI are constants. Note that the operator t z has eigenvalue + 1 2 for the u quark, − 1 2 for the d quark, and zero for all other quark flavors. Following Refs. [40, 41, 42, 43, 44] , the spatial dependence of the hyperfine interaction terms is not modelled by a Dirac δ function, but by a smooth Gaussian function. The hyperfine Hamiltonian is treated as a perturbation which slightly modifies the energy levels. Next, we turn to the diquark-antidiquark potential. First, we recall that the one-gluon exchange potential is such that the quark-antiquark potential and quark-quark potentials are related by V= 2V(this is due to the product of Gell-Mann matrices λ i · λ j , for details see Refs. [45, 46, 47, 48, 49] ). When turning to the interaction between a good diquark and a good antidiquark, we assume the same form as for a quark-antiquark pair [10] . Thus, taking into account the factor 2, we get for a diquark-antidiquark system:
where the potential V DD (x) reads
The variable x is now the relative diquark-antidiquark coordinate and H DD hyp has the same form as H hyp in Eq. (3). When applied to (good) diquarks, the isospin operator t z has eigenvalue + 
Quadratic confinement
In this work, we consider both quadratic and linear potentials in order to model confining interactions. First, we study the confining potential in Eq. (1) between two quarks as given by (model 1)
where a is a positive constant. Since the potential is assumed to depend on x only, one can factor out the angular part of the two-body wave function. The remaining radial part of the wave function for the two-body problem with the unperturbed potential V(x) is then determined by the Schrödinger equation
where ψ l (x) is the radial wave function, l is the angular quantum number, and m is the reduced mass of the two-body system,
with m 1 and m 2 being the constituent quark (and, subsequently, diquark) masses. Now we solve the radial Schrödinger equation for the two-body interaction potential (2). The transformation
reduces Eq. (10) to the form
The radial wave function ϕ l (x) is a solution of the reduced Schrödinger equation for the wave function of two identical particles with mass m and interaction potential (2) , where
The effective potential U l (x) reads
In order to solve Eq. (13), we perform a Taylor expansion of
where x l is such that dU l (x)/dx| x=x l = 0 and
Substituting Eq. (16) for U l , Eq. (15), into Eq. (13) we find
which is the well-known equation for a one-dimensional harmonic oscillator. Namely, for a particle with mass m, oscillation frequency ω ′ , energy eigenvalues ε ′ = n + 1 2 ω ′ , and spatial wave function φ(x), the one-dimensional harmonic oscillator equation reads:
We consider here the ground state of the scalar diquarks (l = n = 0). In this way, upon a comparison of Eq. (18) with Eq. (19), we have:
Finally, the ground-state energy eigenvalue E 0 is obtained using Eq. (14):
with the corresponding ground-state wave function
where the constant term in front is a normalization constant.
The very same mathematical problem needs to be solved for the diquark-antidiquark state by treating (anti)diquarks as point particles under the influence of the potential (8). The energy eigenvalue E 0,DD of the tetraquark ground state n = l = 0 is then calculated in the same way.
Linear confinement
We also model confinement via a linearly rising potential (model 2):
The potential (2) is now the well-known Cornell potential. Similarly to the potential of model 1, we can factorize the angular part of the Schrödinger equation. Upon substituting the potential (23) into Eq. (10) and using the transformation (12) we obtain:
We use a variational method to solve the Schrödinger equation for the case l = 0 using the normalized test function
where p is the variational parameter. By minimization of the energy of the system, we calculate the energy and also the wave function of the system (for further details of this approach, see Ref. [42] ). Also in this case, the approach can be easily extended to the calculation of the ground-state energies of diquark-antidiquark objects.
Diquark and Tetraquark Masses
In this section we present the results for diquark and tetraquark masses. We first focus on diquarks and then on the corresponding tetraquarks containing at least one heavy quark. Finally, we turn to light diquarks and tetraquarks.
Diquarks
The diquark masses obtain a contribution from the constituent quark masses as well as from the confining and the spin-isospin-dependent interactions:
where m qi is the mass of i-th quark and E 0,qq is the ground-state energy calculated in the previous section. The first-order energy correction from the non-confining potential H hyp is calculated using the unperturbed wave function obtained in Secs. 2.2 and 2.3.
For the numerical evaluation, we use for model 1 the light and heavy quark masses and the parameter τ from Ref. [45] , while the parameter a and the hyperfine potential parameters are taken from Refs. [41, 44] . In model 2, the light and heavy quark masses are still taken from Ref. [45] but the potential parameters are from Ref. [50] . In both models the parameter C is obtained by fitting it to the experimental mass of the ρ meson. The parameters of both models are summarized in Tab. 1. The scalar diquark masses obtained by models 1 and 2 are shown in Tab. 2 and are compared with the theoretical works [13, 30, 51] . We note that the predictions of the two models are similar to each other as well as to previous theoretical calculations. 
Heavy scalar tetraquarks
Once the diquark masses are calculated, we can evaluate the tetraquark masses by following the same steps. The explicit expression reads
The results for open charmed and bottom tetraquarks are listed in Tab. 3 and compared with other theoretical predictions [12, 13] and experimental candidates [52, 53] . The masses of the tetraquarks are indeed very similar in all theoretical approaches, with the exception of [csqs], which in our case turns out to be heavier than in Ref. [13] . Our results show that the scalar resonance D * 0 (2400) may contain a sizable tetraquark amount in its wave function. On the other hand, the resonance D * s0 (2317) is too light to be interpreted as a [cqqs] tetraquark (see also Ref. [54] for a discussion concerning conventional quark-antiquark charmed scalar states). Another interesting but still controversial state is the so-called D * s0 (2632) meson observed by SELEX [53] , the mass of which fits well to our theoretical predictions. The results for hidden charmed and bottom tetraquarks are listed in Tab. 4 and compared with the theoretical predictions of Refs. [12, 55, 56, 57] . Also here, the theoretical results are compatible with each other. Quite interestingly, the by now established scalar resonance X(3915) turns out to be too heavy to be a cqcq state and too light to be a cscs state. It is then compatible with being a conventional χ c0 (2P ) quarkonium state.
Light scalar tetraquarks
Finally, we apply our formalism to the calculation of the masses of light tetraquarks. The aim is to understand if the resonances f 0 (500), K(800), f 0 (980), and a 0 (980) contain a sizable tetraquark amount or not (for experiments concerning these states see Refs. [58, 59, 60, 61] and for theoretical works concerning the tetraquark hypothesis Refs. [27, 28, 29, 30, 33, 62] ). In this framework, the scalar diquarks behave under flavor (and also color) transformations as antiquarks, whether a better agreement is possible, we re-fit the parameter C of Eq. (2) for both models, using the well-known tetraquark state a 0 (980) as an input and obtain the light and strange diquark masses as following: a) model 1 [ C = −3.507 fm Using the new diquark masses, we obtain the masses of the light scalar tetraquark nonet listed in Tab. 5. Our predictions for the masses of the light scalar tetraquarks are in good agreement with the experimental data and also with the results obtained in Refs. [62] and [63] . In our model, a small difference between the masses of a 0 (980) and f 0 (980) arises from the isospin-dependent hyperfine interaction. In the context of light scalar states it should be stressed that the role of loop corrections to the selfenergy is surely non-negligible for the masses of these states [21, 23, 24, 25] . Namely, light scalars have a strong coupling to pseudoscalar mesons and a diquark-antidiquark configuration can easily transform into a meson-meson one. Moreover, our approach is non-relativistic, thus its application to the light scalar sector must be treated with care. Yet, our study shows once more that the light scalar mesons are not simple quark-antiquark states but may have a sizable four-quark component. In conclusion, we mention that light scalar mesons also play an important role at nonzero temperature [35] and at nonzero density [64] .
Summary
In this work we have calculated the masses of the ground-state heavy and light scalar tetraquarks in the framework of a non-relativistic approach with two types of confining potentials, a quadratically and a linearly rising one, as well as (iso)spin-(iso)spin interactions. The results for the scalar diquarks are shown in Tab. 2, while the heavy scalar tetraquarks are summarized in Tabs. 3 and 4. The results of both models are compatible with each other, showing only a mild influence of the particular form of the confining potential. Moreover, the results are in agreement, apart from a few exceptions, with previous theoretical calculations of Refs. [11, 12, 13] . Our results for the masses show that the resonance D * s0 (2317) is too light to be predominantly a tetraquark state of the type cqqs, while the hidden charmed state X(3915) is too heavy to be cqcq and too light to be cscs. On the other hand, the state D * 0 (2400) and the putative D * s0 (2632) can contain an important tetraquark component in their flavor wave function (cand cqqs, respectively). In addition to already existing experimental candidates, we also made predictions for the masses of scalar tetraquark states which can be discovered in the future (see Tabs. 3 and 4) . Namely, some of the X, Y, and Z states could turn out to be scalar objects. Finally, we have also studied the light scalar sector of QCD and found that the masses of light scalar mesons f 0 (500), K * 0 (800), f 0 (980), and a 0 (980) can be described well in the tetraquark picture (see Tab. 5). In this work the masses of the tetraquarks are calculated by using a static approach. Mass shifts take place as soon as interactions and quantum fluctuations are taken into account. These modifications are typically small for hadrons which are (i) narrow and (ii) are far from any decay threshold. For what concerns point (i), the ratio Γ/(M − E th ), where Γ is the decay width, M the mass of an hadron, and E th the lowest decay threshold of the state, is an important quantity to estimate the role of loops [26] . This ratio is indeed large for the light scalar mesons f 0 (500) and K * 0 (800) (see the discussion Sec. 3.3), thus loop corrections are surely also an important element towards their understanding. Even when this ratio is relatively small (as it usually is for mesons in the charmonium region), one should then consider point (ii): namely, when M is close to one of the decay threshold (not necessarily the lowest), distortion of the spectral functions, mass shifts and sizable meson-meson amounts in the wave-function of the unstable meson may occur. This is the case of the light scalar mesons f 0 (980) and a 0 (980): both of them are fairly distant from the lowest threshold (ππ and πη respectively), but very close to the KK threshold. Similarly, the state D * s0 (2317) is pretty close to the DK threshold. More in general, many of the newly discovered X, Y, and Z resonances are close to one of their intermediate threshold, thus care is definitely needed since the role of loops can be very important. In view of this discussion, it must be stressed that also the calculation of decay widths should be performed in the future. Namely, it is possible that some of the predicted tetraquark states are, due to a 'fall apart' decay mechanics, too wide to be measured and that therefore will never be seen in experiments. This possibility would explain why only some of the (many possible) tetraquark states are actually detectable, that is when the energy threshold of the main decay channel is not too far from the mass of the tetraquark state, in such a way that the kinematic suppression balances the large decay amplitude. Indeed, this pattern takes place for the light scalar mesons, where f 0 (500) and K * 0 (800) are very broad, while f 0 (980) and a 0 (980) are narrow due to the nearby kaon-antikaon threshold. Another (indeed related) improvement is to go beyond the two-step calculations performed in this work. Surely, it is much easier to solve two two-body problems than a four-body problem, but a general feature of our model (as well as of other tetraquark models) is that the diquarks have a dimension which is comparable to that of the tetraquark (about 1 fm). In this respect, there are also strong quark-antiquark correlations within the tetraquark, because the diquarks cannot be considered as point-like objects. Just as mentioned above, the interchange of a diquark-antidiquark (qq)(qq) bound state with a more molecular-like quark-antiquark (qq)(qq) surely takes place (and is related to the decay of the tetraquark in ordinary mesons). Thus, the view of a pure diquark-antidiquark bound state serves as a simple (albeit useful) approximation of the problem, but in the future one should also go beyond it and solve a (relativistic) four-body problem. In addition to the listed needed improvements, we also mention that our approach can be extended to other quantum numbers as well, thus being potentially interesting to investigate further up to now not yet understood mesons.
